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Wl«v Erapiaat?

This branch of mathematics is called
tropical in hownor of the Brazilian computer
scientisk . He lived in Sao Paulo

and commuted across the tropic of

Capricori,




The basics

The fundamental operations are

¢ minimum (the Ero—pmai “+7Y denoted bj
O

¢ addition (the &ropmat “x) denocted bv
@

The are R U {OO} v



The basics

EXAMPLE:
20322  1604-=20 Ro(4-023)=6

SD00=5

MATRIX MULTIPLICATION:

b 6 7
(if)@(so>=~(11




Optimizations probiems

Given a weighted graph find the
shortest path bebween bwo vertices.
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Trc:vaat geam&rj

Algebraic geomelry is the sEu,cioj of the
solutions of systems of olynomial

equations tn many vo\rio\gies.. The set of
solution is called an algebraic variety

|EXAMPLE:
x*v*‘Z:O x“z+3’\z~1zo

y 3 y 3




EXAMPLE:
x'\Zj‘*‘jA 2+z" 2*‘2)&31*1::0

Image realized with SURFER 1.7.0




Trc;wpwat gec}m&rj

ik is possibi.e ko F»oijnommts:
tropicalization(x+yr2) = xeye2 = m&v\{x,j,Z}

tropicalization(x"2+y"2+1) = xexoyeyel = min{2x,2y,1}

EXAMPLE
X 3+6x"2+11x+6=20
%" 3+6x"2+1 I x+6={x+1 Y x+2 Y}(x+3)

x=1,x=2 ,x=3




Trc;wpwat gec}m&rj

ik is possibi.e ko F»oijnommts:
tropicalization(x+yr2) = xeye2 = m&v\{x,j,Z}

tropicalization(x"2+y"2+1) = xexoyeyel = min{2x,2y,1}

EXAMPLE
x"3olox 2030x0b= B The
. VLA LLLA
Mﬁﬂ{aQX; }34’-)(; };: ¢
XOXOXDXOXDISOXDE= kbo e d
(xol)eo(xe2)o(xe3) twice
3




Trc:}pwat Séc:-m&rv

The Eropicat varieﬁv associakted o a Eropu‘:at
polynomial trop £ is defined bsz

V(X 20y 2e-1) ==>




Trc:}pwat Séc:-m&rv

Atgebrait Trapi&ai
Variekies ; Variekies




V(&rap (x’*23+j’“2+-z.‘“2+2x32.~1)5 ]

//

Image realized with polymake 3.2




Trapwat géc}m&rv

Some properties of algebraic varieties
hold in the tropical world too.

F 3
Given two points o
there is one straight
line passing through
Ehem.

L=V(aeoxebeoyec)




The first major resulk in tropical
geometry

The number N(d) of rational curves in the
plane of degree d passing through 3d-1 points
in general position is equal to number of the
tropical curves of degree d passing through
those points counted with mulkiplicities.



d=1 Llines through 2 points N{1)=1
d=2 conics through § points NQ)=1

d=3 cubics through ¥ Pom%s N(3)= 12
(Steiner 1¥4%)

A=4 quar&t‘s through 11 Poim&s N(4) = &0
(Zeuthen 1¥73)




Apptwahams

itk is o branch of Biology which
studies the evolution of species. The key tool is
the phylogenetic tree which records the distance
between species, Speyer and Sturmiels provad that
the properties that characterize phylogenetic trees
are the same that define tropical Lines.
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Appi&&a&ams

o : £ERBaldwin and
P.Klemperer used tropical geometry to understand
product-mix auctions in Economics, They
represented the different agents in the auction bj
tropical curves and find the equitibrmm bj Llooking
ot the points of intersection
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Sum MATY

o0rigins of tropical arithmetics in computer
sclence

eTropical geomelry as tropical algebraic
geometry

sApplications

eThere is manhy more directions to explore...
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